Abstract. Let {Ωt : −1 < t < 1} be a family of bounded pseudoconvex domains and ϕt ∈ P SH(Ωt). Let Kt(z, w) denote the Bergman kernel with weight ϕt on Ωt. We study the continuity and Hölder continuity of Kt(z, w) in t. Several applications to singularity theory of psh functions are given, including a new proof of the openness theorem.
Introduction
Let {Ω t : |t| < 1} (t ∈ R or t ∈ C) be a family of bounded domains in C n and ϕ t ∈ P SH(Ω t ) : the set of plurisubharmonic (psh) functions on Ω t . Let K t (z, w) denote the Bergman kernel corresponding to the Hilbert space
Ωt |f | 2 e −ϕt < ∞ .
There are two general approaches to study the parameter dependence of K t : (1) regularity of K t in t; (2) convexity or (pluri)subharmonicity of K t in t. It is known from the works of Hamilton [15] and Greene-Krantz [13] that K t is C ∞ in t when {Ω t } is a family of strongly pseudoconvex domains such that {∂Ω t } forms a differentiable family of compact manifolds, and ϕ t = 0 for all t. Little is known about the case of weakly pseudoconvex domains or when ϕ t has singularities. On the other side, the second approach is by now well-developed through a series of papers due to Berndtsson after the seminal work of Maitani-Yamaguchi [21] , which turns out to be very useful in complex analysis and complex geometry (see e.g., [3] , [4] , [5] ). This paper is closer to the first approach. We consider the following two special cases:
(1) {ϕ t : −1 < t < 1} is a family of negative psh functions on a fixed domain Ω.
(2) {Ω t : −1 < t < 1} is a family of bounded domains and ϕ t = 0 for all t. Let P SH − (Ω) denote the set of negative psh functions on Ω. Definition 1.1. We say that a sequence {ϕ j } ⊂ P SH − (Ω) satisfies condition ( * ) if there exists a closed complete pluripolar set E ⊂ Ω such that for every compact set S ⊂ Ω\E there is a positive function φ S ∈ L 1 (S) satisfying e −ϕ j ≤ φ S on S for sufficiently large j.
Here a complete pluripolar set E means that for every a ∈ E there exist a neighborhood U of 0 and a nonconstant function ψ ∈ P SH(U ) such that E ∩ U = ψ −1 (−∞).
Example (1) . Consider a family {ψ t : −1 < t < 1} ⊂ P SH − (Ω) such that e ψt(z) is continuous in (z, t) ∈ Ω×(−1, 1). Set E := ψ −1 0 (−∞) and ϕ j = ψ 1/j . Clearly, for every compact set S ⊂ Ω\E, e −ϕ j is bounded by a positive constant on S for all sufficiently large j, so that {ϕ j } satisfies condition ( * ). We may choose for instance ψ t (z) = α(t) log j |f j (z, t)| 2 where f j (z, t) ∈ C(Ω × (−1, 1)), 1 ≤ j ≤ m, f j (·, t) ∈ O(Ω) with |f j | ≪ 1, and α ∈ C((−1, 1)) with α(t) ≥ c > 0 for all t.
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The proof of Theorem 1.1 relies heavily on the L 2 −estimates of Donnelly-Fefferman (cf. [11] , see also [2] ). The key observation is an approximation result for holomorphic functions (see Lemma 3.3) , which also has applications in singularity theory of psh functions, including a new proof of Berndtsson's openness theorem (cf. [5] ).
In order to study the Hölder continuous parameter dependence of the weighted Bergman kernels, we need two fundamental concepts from singularity theory of psh functions. Definition 1.2 (see e.g., [8] ). Let ϕ be a psh function in a neighborhood of 0. The log canonical threshold (or complex singularity exponent ) c 0 (ϕ) of ϕ at 0 is defined as c 0 (ϕ) := sup{c ≥ 0 : e −cϕ is L 1 in a neighborhood of 0}. Definition 1.3. The Lojasiewicz exponent of a psh function ϕ with an isolated singularity at 0 is defined as
By convention, we set L 0 (ϕ) = ∞ if the previous set is empty.
Let Ω be a bounded pseudoconvex domain with 0 ∈ Ω. Let {ϕ t : −1 < t < 1} be a family of negative psh functions on Ω such that e ϕ 0 is a continuous function with an isolated zero at 0, c 0 (ϕ 0 ) > 1, and
where C > 0 and 0 < α ≤ 1. Let K t denote the Bergman kernel with weight ϕ t on Ω. Then
is Hölder continuous of order β at t = 0 for every β < c 0 (ϕ 0 )−1 c 0 (ϕ 0 )+1 α, and every w ∈ Ω\{0}. (2) K t (0) is Hölder continuous of order β at t = 0 for every β < η 0 1+η 0 τ 0 α, where
Remark. Notice that one can choose β arbitrarily close to α in case (1), provided c 0 (ϕ 0 ) sufficiently large. Definition 1.4. Let {Ω t : −1 < t < 1} be a family of domains in C n . Let ρ be a negative continuous function on the total set Ω = {(z, t) : z ∈ Ω t , t ∈ (−1, 1)} which satisfies {−ρ t > ε} ⊂⊂ Ω t where ρ t = ρ(·, t), for ε > 0 and t ∈ (−1, 1). We say that Ω t is ρ t −Hölder continuous of order α over (−1, 1) if for each γ > 0 there exist positive numbers b γ ≫ 1 and c γ ≪ 1 such that
Our main result is the following Theorem 1.4. Let {Ω t : −1 < t < 1} be a family of bounded domains in C n . Suppose there exists for every t ∈ (−1, 1) a negative continuous psh exhaustion function ρ t on Ω t such that Ω t is ρ t −Hölder continuous of order α over (−1, 1). Then the Bergman kernel K t (z, w) of Ω t is Hölder continuous of order β in t for every β < α.
As a direct consequence, we obtain Corollary 1.5. Let Ω ⊂ C n be a pseudoconvex domain and ρ a continuous psh exhaustion function on Ω. Let Ω t := {z ∈ Ω : ρ(z) < t}, t ∈ R. Then K t (z, w) is Hölder continuous of order α in t for every α < 1.
We also study in § 7 the (optimal) Hölder continuity of K t in t for a (−δ t )−Hölder continuous family {Ω t } of bounded simply-connected planar domains, where δ t denotes the boundary distance of Ω t .
Diederich-Ohsawa [10] studied the continuous parameter dependence of the L 2 −minimal solutions of the∂−equations with respect to certain psh weight functions. It would be interesting to know whether similar Hölder continuity holds for the (unweighted) L 2 −minimal solutions of the∂−equations under situations considered here.
For the proof of Theorem 1.4, we use a nice weighted estimate of the L 2 −minimal solution of the∂−equation due to Berndtsson, together with certain iteration procedure.
Weighted estimates for the L 2 −minimal solution of the∂−equation
Let Ω ⊂ C n be a bounded pseudoconvex domain and let ϕ ∈ P SH(Ω). By Hörmander's L 2 −existence theorem for the∂−equation (cf. [18] ), we know that for every∂−closed (0, 1)−form v on Ω with Ω |v| 2 e −ϕ < ∞, there exists a solution u to∂u = v such that
where C > 0 is a constant depending only on n and diam(Ω). Let L 2 (Ω, ϕ) denote the Hilbert space of measurable functions f satisfying
We say that u is the (unique)
Berndtsson proved that the L 2 (Ω, ϕ)−minimal solution satisfies the following estimate which goes back to Donnelly-Fefferman [11] . Theorem 2.1 (cf. [2] ). Let Ω ⊂ C n be a bounded pseudoconvex domain and ϕ a C 2 psh function on Ω. Suppose ψ is a C 2 real function satisfying
He also proved the following Theorem 2.2 (cf. [1] ). Let Ω be a bounded pseudoconvex domain and ϕ ∈ P SH(Ω). Let u be the
As a direct consequence, we obtain Corollary 2.3. Let Ω be a bounded pseudoconvex domain and ϕ ∈ P SH(Ω). Let ψ be a C 2 psh function on Ω which satisfies ri∂∂ψ ≥ i∂ψ ∧∂ψ for some 0 < r < 1. Then the
Proof. Set Ψ = e −ψ and ω = (1 − r)i∂∂ψ. We then have i∂∂Ψ = Ψ(i∂ψ ∧∂ψ − i∂∂ψ) ≤ −Ψω, so that Theorem 2.2 applies.
Remark. Following a suggestion of Blocki [6] , we may deal with the case when ψ is not C 2 : |v| 2 i∂∂ψ should be replaced by any non-negative locally bounded function H such that iv ∧ v ≤ Hi∂∂ψ holds in the sense of distributions. This is very convenient for various applications.
3. Proof of Theorem 1.1 Proposition 3.1. Let U be a domain in C n and {ϕ j } a sequence of non-positive psh functions on U such that ϕ j → ϕ a.e. on U . Let K j and K denote the Bergman kernel with weight ϕ j and ϕ respectively. Then
Proof. Fix a compact set S ⊂ U and a point w ∈ S for a moment. Suppose
we have Ω |h| 2 ≤ 1, so that |h(w)| 2 ≤ const S in view of the mean value inequality. It follows immediately that
so there exists a subsequence which is still denoted by {f k }, such that f k → f ∈ O(U ) locally uniformly. Fatou's lemma yields
Since f (w) = lim k→∞ f k (w) = lim sup j→∞ K j (w), so we have
Lemma 3.2. Let U be a bounded hyperconvex domain and ρ a negative continuous psh exhaustion function on U . Set
Proof. Without loss of generality, we assume −ρ < 1. Let χ : R → [0, 1] be a smooth function satisfying χ| (0,∞) = 0 and χ| (−∞,− log 2) = 1. Set λ ε = χ(log(− log(−ρ)) − log(− log ε)).
Applying Theorem 2.1 with ψ and ϕ replaced by − 1 2 log(−ρ) and ϕ+2n log |z−w|− 1 2 log(−ρ) respectively, we then obtain a solution u ε of∂u = f∂λ ε on U satisfying
It is easy to see that g is a desired function.
Proof. Let E be the complete pluripolar set in condition ( * ). It is known that there is a function [7] , Chapter 3, Lemma 2.2). Replacing ̺ by ̺ − 1, we may assume that ̺ < −1 holds on V . Set
Let χ be as above. Set
Applying Theorem 2.1 with ψ and ϕ replaced by ψ/2 and ϕ j + ψ/2 respectively, we then obtain a solution u j,ε of∂u = f∂λ ε on V satisfying
where S ε := V ∩ {−ψ ≤ 1/ε} and C 0 > 0 is a universal constant. Since e −ϕ j is bounded by a positive L 1 function φ Sε on S ε by condition ( * ), and f ∈ L ∞ (V ), so we obtain
in view of the dominated convergence theorem. Set
We then have
and since ϕ j and ϕ are non-positive,
It suffices to take a subsequence from {f j,ε }.
Proposition 3.4.
Under the conditions of Theorem 1.1, we have
Proof. Let S be a compact set in Ω and w ∈ S be arbitrarily fixed. Set f (z) = K(z, w) and Ω ε = {ρ < −ε} for ε > 0, where ρ is a negative continuous psh exhaustion function of Ω. By virtue of Lemma 3.3, there exists
and f j,ε (w) → f (w) as j → ∞. On the other hand, Lemma 3.2 yields a function g j,ε ∈ A 2 (Ω, ϕ j ) with g j,ε (w) = f j,ε (w) and
It follows that
Since ε can be arbitrarily small, so we get
Combining with Proposition 3.1, we conclude the proof.
Proof of Theorem 1.1. Set ϕ j,k = max{ϕ j , −k} and ϕ 0,k = max{ϕ, −k}. Let K j,k (z, w) denote the Bergman kernel with weight ϕ j,k on Ω. Since ϕ j,k ≥ ϕ j , so
and we have
Set Ω ε = {ρ < −ε} for ε ≪ 1, where ρ is a negative continuous psh exhaustion function on Ω. We then have
Let K ε 0,k denote the Bergman kernel with weight ϕ 0,k on Ω ε . Notice that
and
where K Ω is the (standard) Bergman kernel of Ω, it follows from the dominated convergence theorem that
By virtue of Proposition 3.4, we have
On the other hand, it is easy to verify that
Thus we get lim
in view of (3.1) and the mean value inequality.
Remark. By Cauchy's integrals, we may show that
∂z µ ∂w ν for all multi-indices µ and ν.
Applications to singularity theory of psh functions
The following result improves a key semi-continuity result for complex singularity exponents (cf. [8] , Lemma 3.2; see also [25] , [22] ). Proposition 4.1. Let U be a bounded pseudoconvex domain in C n . Suppose that {ϕ j } ⊂ P SH − (U ) satisfies condition ( * ) and ϕ j converges almost everywhere on U to a function ϕ ∈ P SH − (U ) such that e −ϕ ∈ L 1 (U ). For every V ⊂⊂ U , there exists j 0 ∈ Z + such that
for all j ≥ j 0 .
Proof. Choose a pseudoconvex domain W satisfying V ⊂⊂ W ⊂⊂ U . Applying Lemma 3.3 with f = 1, we get a function f j ∈ O(W ) such that
Combining Proposition 4.1 with Example (2) in § 1, we immediately obtain the following result due to Berndtsson [5] (originally conjectured by Demailly-Kollár in [8] ): Corollary 4.2 (Openness Theorem). Let U be a bounded pseudoconvex domain and ϕ ∈ P SH −1 (U ) with U e −ϕ < ∞. Let V be a relatively compact domain in U . Then there exists p > 1 such that V e −pϕ < ∞.
Remark. After Berndtsson's work [5] , Guan-Zhou [14] proved a strong openness theorem that U |f | 2 e −ϕ < ∞ for a fixed holomorphic function f implies V |f | 2 e −pϕ < ∞ for some p > 1. It is unclear whether the method developed here still applies to this more general case. We refer to [12] , [17] , [19] and [20] 
By virtue of Bombieri's theorem (cf. [18] , Corollary 4.4.6), E is an analytic subset in U . Clearly, 0 ∈ E. Shrinking U if necessary, we find
j (0) and j |f j | 2 < e −1 on U . Furthermore, we may assume that ϕ < −1 on U . Set
and φ r,τ = −r log(−ϕ) + τ ψ where 0 < r, τ < 1. Notice that i∂∂φ r,τ ≥ ri∂ log(−ϕ) ∧∂ log(−ϕ) + τ i∂ψ ∧∂ψ and ∂φ r,τ = −r∂ log(−ϕ) + τ ∂ψ. It follows that
Suppose on the contrary that there exists a (pseudoconvex) neighborhood V of 0 such that
Applying Theorem 2.1 with ψ and ϕ replaced by φ r,τ and tϕ + τ ψ respectively, we then obtain a solution u t,ε of∂u =∂λ ε on V satisfying
Since e −cϕ is L 1 over V ∩ {−ψ ≤ 1/ε}, so we obtain V ∩{−ψ≤1/ε} e −r log(−ϕ)−tϕ → V ∩{−ψ≤1/ε} e −r log(−ϕ)−t 0 ϕ as t → t 0 , in view of the dominated convergence theorem. The function f t,ε := λ ε − u t,ε is holomorphic in V and satisfies
and f t,ε −1 L 2 (V ) → 0 as t → t 0 and ε → 0. It follows that for certain smaller neighborhood W of 0 we have |f t,ε | ≥ 1/2 provided ε ≪ 1 and |t − t 0 | ≪ 1, so that W e −tϕ < ∞ for some t > t 0 , contradicts with the definition of t 0 = c 0 (ϕ).
Remark. Proposition 4.3 does not hold for r > 1. An elementary example is given by ϕ(z) = log |z|. Yet it is still possible that the case r = 1 is true. On the other hand, the example ϕ(z) = log |z| − (− log |z|) 1/2 , where |z| < 1, shows that there does not exist in general a number r > 1 such that e −c 0 (ϕ)ϕ /|ϕ| r is L 1 in some neighborhood of 0.
Similar ideas also yield an openness theorem for S 1 −invariant psh functions near infinity. Let F denote the set of positive continuous psh functions ϕ on C n satisfying ϕ(z) → ∞ as |z| → ∞. For every ϕ ∈ F, we define the log canonical threshold c ∞ (ϕ) of ϕ at ∞ as
For every t ∈ R + , we denote by K t the Bergman kernel with weight tϕ on C n . Set Lemma 4.4. If ϕ is S 1 −invariant, i.e., ϕ(e iθ z) = ϕ(z) for every θ ∈ R, then c ∞ (ϕ) = c ′ ∞ (ϕ). Proof. Suppose K t (0) = 0. Since K t (z, 0) is an entire function on C n , so we have
Thus we have e −tϕ ∈ L 1 (C n ), so that c ∞ (ϕ) ≤ c ′ ∞ (ϕ). Proposition 4.5. For every ϕ ∈ F, we have
Proof. Proof. Let t 0 ∈ R + . Set ψ = − log(2/t 0 + ϕ).
We then have i∂∂(tϕ + ψ) = 2t/t 0 − 1 + tϕ 2/t 0 + ϕ i∂∂ϕ + i∂ϕ ∧∂ϕ (2/t 0 + ϕ) 2 ≥ i∂ψ ∧∂ψ provided |t − t 0 | ≤ t 0 /2. Let χ be as above. Set λ ε = χ(log(−ψ) + log ε), ε ≪ 1.
Let w ∈ B R := {|z| < R}. Applying Theorem 2.1 with ϕ and ψ replaced by tϕ + ψ/2 and ψ/2 respectively, we get a solution u t of
Since u t is holomorphic on {−ψ < 1 2ε }, so the mean value inequality yields
It follows that f t := λ ε K t 0 (·, w) − u t is an entire function satisfying
Interchanging the roles of t and t 0 , we obtain 
Applying Theorem 2.1 with ψ = − 1 2 log(−ϕ 0 ) and ϕ replaced by ϕ t + 2n log |z − w| + ψ, we find a solution u t of∂u = f∂λ γ,ε on Ω satisfying
provided ε ≪ 1, where C > 0 is a generic constant independent of t, ε, w,
so we have
on A 1,ε provided |t| α /ε ≪ 1, and
Notice that
, for e ϕ 0 is a continuous function with an isolated zero at 0. Since e −ϕ 0 is L 1 in a neighborhood U of 0, so the volume |A 1,ε \A γ,ε | of A 1,ε \A γ,ε satisfies
for every 1 < c < c 0 (ϕ 0 ), and
Next we set
Similar as above, we have a solution u 0 of∂u = g t∂ λ γ,ε on Ω satisfying
is Hölder continuous of order cγ−1 cγ+1 α at t = 0. Since c and γ can be arbitrarily close to c 0 (ϕ 0 ) and 1 respectively, we conclude the proof.
is Hölder continuous of order β at t = 0 for every β < η 0 α 1+η 0 τ 0 , where
If ε = |w| 1/η /C with C ≫ 1, we then have
−n in view of (5.1), provided |t| α /|w| 1/η ≪ 1. On the other hand, we claim that
To see this, notice first that
for all z ∈ U , it follows from Cauchy's integrals that for w, w ′ sufficiently close to 0,
provided |w| = |t| ηα 1+ητ . Since c, ν and γ can be arbitrarily close to c 0 (ϕ 0 ), L 0 (ϕ 0 ) and 1 respectively, so we conclude the proof. Let Ω ⊂ C n be a bounded pseudoconvex domain. Let ρ be a negative continuous psh function on Ω. Set
Let S be a compact set in Ω. Suppose
for some ε 0 > 0. Let K Ω denote the Bergman kernel on Ω. Then for every 0 < r < 1,
for all w ∈ S and ε ≤ ε r ≪ ε 0 . Here a = inf S ′ (−ρ). 
By the well-known property of the Bergman projection, we obtain
where u is the L 2 (Ω)−minimal solution of the equation
Since κ(−ρ(w)/ε) = 0 provided 3 2 ε ≤ ε 0 , so we have
Set ψ = −r log(−ρ), 0 < r < 1. Clearly, ψ is psh and satisfies ri∂∂ψ ≥ i∂ψ ∧∂ψ, so that
for some numerical constant C 0 > 0. Thus by (2.3) we obtain
Since e −ψ ≥ a r on S ′ and u is holomorphic there, it follows from the mean value inequality that
provided ε ≪ 1. Let K ′Proposition 6.2. Let {Ω t : −1 < t < 1} be a C 2 family of bounded pseudoconvex domains in C n with C 2 boundaries. Then there exists a number 0 < α ≤ 1 such that K t (z, w) is Hölder continuous of order α in t.
Proposition 6.2 follows directly from Theorem 1.4 and the following result essentially due to Diederich-Fornaess [9] : Lemma 6.3. Let {Ω t : −1 < t < 1} be a C 2 family of bounded pseudoconvex domains in C n with C 2 boundaries. For every t 0 ∈ (−1, 1), there exist a compact set S ⊂ Ω t 0 , an open neighborhood I 0 of t 0 and constants K > 0, 0 < η < 1 such that S × I 0 is contained in the total set Ω and ρ t := −(δ t e −K|z| 2 ) η is psh on Ω t \S × {t}, t ∈ I 0 . Here δ t denotes the boundary distance of Ω t .
Proof. For the sake of completeness, we will include a proof here. By virtue of Oka's lemma, we have − log δ t ∈ P SH(Ω t ), so that (6.10)
For any point z ∈ Ω t sufficiently close to ∂Ω t (which is uniform in t in a sufficiently small open neighborhood I 0 of t 0 ), we denote byẑ t the projection of z on ∂Ω t . Given ζ ∈ C n , we have the following decomposition
where ∂δ t , ζ ′ |ẑ t = 0. By (6.10), we have
where C > 0 is a generic independent of t. Since
provided K sufficiently large. Since ∂ψ t = −∂δ t /δ t + K∂|z| 2 , we conclude that there is a number 0 < η < 1 (independent of t) such that i∂∂ψ t ≥ ηi∂ψ t ∧∂ψ t .
It suffices to take ρ t = − exp(−ηψ t ).
Remark. It is possible to weaken the boundary regularity in Proposition 6.2 to Lipschitz continuity by [16] .
We conclude this section by proposing the following As we will see in the next section, the answer is positive when n = 1.
One dimensional case
The purpose of this section is to show the following Theorem 7.1. Let {Ω t : −1 < t < 1} be a uniformly bounded family of simply-connected domains in C. Let δ t denote the Euclidean boundary distance of Ω t . Suppose Ω t is (−δ t )−Hölder continuous of order α over (−1, 1). Then K t (z, w) is Hölder continuous of order α/2 in t.
As a consequence, we obtain Corollary 7.2. Let {Ω t } be as the theorem above. Suppose furthermore that 0 ∈ Ω t for all t. Let F t : Ω t → ∆ = {z : |z| < 1} denote the Riemann mapping which satisfies F t (0) = 0 and
The assertion follows immediately from Theorem 7.1.
Remark. It is a classical result of Carathéodory that if δ t is continuous in t then F t is also continuous in t (see [24] , Theorem IX. 13 ).
We begin with the following Proposition 7.3. Let Ω be a bounded simply-connected domain in C and let δ denote the boundary distance of Ω. Then there exists a continuous negative subharmonic function ρ on Ω such that
where r Ω denotes the inradius of Ω, i.e., the radius of the largest disc inscribed in Ω.
Proof. Let ∆ denote the unit disc. Let φ 0 (z) denote the hyperbolic distance between z ∈ ∆ and 0, i.e., φ 0 (z) = log
It follows that ρ 0 := −e −φ 0 = 1 + 2ψ is subharmonic on ∆.
Let ds 2 hyp = λ(z)|dz| 2 denote the Poincaré hyperbolic metric of Ω and let d hyp be the corresponding distance. Take a point z 0 ∈ Ω such that δ(z 0 ) = r Ω . Set φ = d hyp (z 0 , ·). Let F : Ω → ∆ be a conformal mapping such that F (z 0 ) = 0. Since φ = φ 0 • F , it follows that ρ := −e −φ is subharmonic on Ω. Thanks to Koebe's i.e., −ρ ≤ (δ/r Ω ) 1/2 . To be more rigorous, we take a geodesic γ with γ(0) = z 0 , γ(1) = z for an arbitrarily fixed point z ∈ Ω and a variation {γ s : s ∈ (−ε, ε)} of γ inside Ω such that γ 0 = γ, γ s (0) = z 0 and γ s (1) = z for all s. There exists a sequence of numbers s j → 0 such that δ is differentiable a.e. along γ s j for all j. Thus the hyperbolic length |γ s j | hyp of γ s j satisfies
On the other side, it follows from the trivial estimate
Let {Ω t } be as in Theorem 7.1 and let g t denote the (negative) Green function of Ω t . We have the following Hölder continuity of g t in t: Proposition 7.4. Let t 0 ∈ (−1, 1) and let S t 0 be a compact set in Ω t 0 . Then there exists a constant C > 0 such that |g t (z, w) − g t 0 (z, w)| ≤ C |t − t 0 | α/2 for all z, w ∈ S t 0 , provided t sufficiently close to t 0 .
Proof. By Proposition 7.3, we may choose a negative continuous subharmonic function ρ t on Ω t for each t such that (δ t /r t ) 2 ≤ −ρ t ≤ (δ t /r t )
1/2
where r t = r Ωt . Clearly, C −1 0 < r t < C 0 for some uniform constant C 0 > 0. Set ε = (C 0 γ 1 |t − t 0 | α ) 1/2 .
Since Ω t is (−δ t )−Hölder continuous of order α, there exists γ 1 ≫ 1 such that
provided |t − t 0 | ≤ η ≪ 1. Thus {−ρ t > ε} ⊂ {δ t > γ 1 |t − t 0 | α } ⊂ Ω ε t 0 . Without loss of generality, we may assume that S t 0 ⊂ {−ρ t > 2ε}. Fix w ∈ S t 0 for a moment. Let g t 0 ,ε denote the Green function of Ω ε t 0 . Set b = inf {ρt=−2ε} g t 0 ,ε (·, w) and ̺ t = b · log(−ρ t + ε) − log 2ε log 3/2 .
Since b < 0, we see that ̺ t is a subharmonic function on Ω t which satisfies ̺ t = 0 on {ρ t = −ε} and ̺ t = b on {ρ t = −2ε}. Set ψ =    g t 0 ,ε (·, w) −ρ t > 2ε max{g t 0 ,ε (·, w), ̺ t } ε ≤ −ρ t ≤ 2ε ̺ t −ρ t < ε.
It follows that ψ is a well-defined subharmonic function on Ω t which has a logarithmic pole at w and an upper bound b · log 1/2 log 3/2 . By the well-known extremal property of the Green function, we obtain g t (z, w) ≥ ψ(z) − b · log 1/2 log 3/2 = g t 0 ,ε (z, w) − b · log 1/2 log 3/2 ≥ g t 0 (z, w) − b · log 1/2 log 3/2 for all z ∈ S t 0 . It remains to estimate b. Fix R > sup diam(Ω t ). We may choose positive constants C 1 , C 2 independent of t such that for any z, w ∈ S t 0 . Similarly, we may verify that g t 0 (z, w) ≥ g t (z, w) − const.|t − t 0 | α/2 .
Proof of Theorem 7.1. Fix t 0 ∈ (−1, 1) for a moment. We may choose a positive number ε 0 such that the disc ∆ 2ε 0 (ζ) ⊂ Ω t for all ζ ∈ S t 0 and all t sufficiently close to t 0 . Set h t (z, w) = g t (z, w) − log |z − w| for all z, w ∈ Ω t . Clearly, h t (z, w) is harmonic in z and w respectively. By Proposition 7.4, we have
for all z, w ∈ S ′ t 0 = {z : dist (z, S t 0 ) ≤ ε 0 }. Fix ξ, ζ ∈ S t 0 for a moment. The Poisson formula asserts h t (z, w) = 1 4π 2 2π 0 2π 0 h t (ξ + ε 0 e iθ , ζ + ε 0 e iϑ ) ε 2 0 − |z − ξ| 2 |ε 0 e iθ − (z − ξ)| 2 ε 2 0 − |w − ζ| 2 |ε 0 e iϑ − (w − ζ)| 2 dθdϑ.
We conclude the proof by using the following famous formula of Schiffer [23] :
